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THROUGH SONIC VELOCITY 
J. D. Cole 
The linearized theory of slender bodies in arbitrary motion a t  
zero angle of attack has been worked out. The results have been ap- 
plied to i[ smooth body accelerating uniformly through sonic velocity. 
The results of linearized theory can be used to estimate the non-lin- 
ear  or transonic effects. 
For an accelerating body the parameter is important 
where 26 = acceleration, 2d = len th of body, c = sound speed a t  
infinity. For sufficiently high transonic effects can be ne- 
glected. Using linearized theory to estimate the ratio of non-linear 
terms in the differential equation gives 
non-linear terms = J ( ~ + , ) L [ ~ ~ L F - ~ ]  
= significant linear terms 4 @ ba ++ 
where 8 = thickness ratio of body. The result above is evaluated a t  
the maximum thickness of a symmetric parabolic a r c  body a t  thein-  
stant it  passes through sonic velocity. For A </ transonic effects 
can be neglected while for i( > I they .begin to dominate. For prac- 
tical applications the result shows that there i s  a possibility of a suf- 
ficiently long and slender missile accelerating fast  enough to avoid 
transonic effects (e. g.  50 feet long, 5 percent thick, 3g acceleration). 
For  conventional aircraft and all sor ts  of wings, transonic effects will 
dominate, An interesting side result is that when the acceleration is 
sufficiently large so that transonic effects do not matter the drag co- 
efficient near sonic speed is independent of the acceleration (c 4 3 b 2  
for parabolic a r c  body). D 
These results were presented in a paper at the American Phys- 
ical meeting in Albuquerque, New Mexico, September 3, 1953, 
J. D. Gole 
1 , Introduction 
The problem discussed here  is a special case  of the general prob- 
l e m  of estimating the validity of l inearized theory in  the transonic range.  
The special case  studied in detail i s  that of a slender body of revolution 
which accelerates  uniformly through sonic speed. The method of attack- 
ing the problem is applicable to other s imilar  problems of steady and 
unsteady flow, As a side resu l t  the general unsteady slender body ex- 
pansion is presented. 
The work presented here  i s  concerned with the "breakdown" of 
l inearized theory and the necessity fo r  using a more  complete theory. 
Linearized theory i s  identical in physical and mathematical content with 
the classical  theory of acoustics (Ref. 1). The theory is derived f rom 
physical principles plus the assumption that all disturbances a r e  so 
small  that the squares  can be neglected. The reason for the breakdown 
of l inearized theory for  bodies with thickness can be illustrated a s  fol- 
lows. According to l inearized theory al l  disturbances i n  the gas travel 
with a constant speed C , the speed of sound. A body flying a t  an  arbi-  
t r a r y  speed is continually sending out such disturbances, which, in gen- 
eral ,  a r e  left  behind o r  escape to the front of the body. F o r  the special 
case  of a body flying steadily at the eonic speed C , these disturbances 
remain  with the body, and build up indefinitely. For  example, accord- 
_ 
ing to l inearized theory the p res su re  on a slender body which s ta r t s  im- 
pulsively with sonic speed a t  the t ime $=Q , increases  a s  
~ h e s e  resu l t s  show how linearized theory predicts infinite pr essure  
- Thrs paper was presented a t  a meeting of the American Physical Society 
i n  Albuquerque; New Mexico, September 3, 1953. The r e sea rch  was 
ca r r i ed  out under ARDC Contract AF- 18(600)-383. 
everywhere on a bddy flying steadily a t  sonic apeed. 
T h e ~ m o r e  accurate theory includes s o m e  of the quadratic t e rme  
and allows for the fact that the speed of disturbancee va r i e~ l  adcording 
to local conditions, This refinement prevents the accumulation of d is -  
t u r b a n c e ~  a t  the body and predicts  finite p res su res  in steady flight a t  
sonic speed. At the same time shock waves must  be allowed for in the 
m o r e  exact theory a s  there i s  a possibility of small  disturbances over-  
taking one'another. The above features  a r e  included in the usual t ran-  
sonic theory. Of course,  l inearized theory doel  mot breakdown in  
steady flight only a t  sonic speed but there i s  some neighborhood of 
Mach number s about E for which i t  is a poor approxi.matlon. 
Now, if a body accelerates  through sonic speed there is no in- 
finite p res su re  according to l inearized theory, because disturbances 
do not remain  with the body, Nevertheless there is sti l l  some region of 
acceleration about zero  accePeralion for  which the non-linear effects a r e  
important. Einearised theory becomes valid only for  sufficiently high 
fn order  to estimate the regions where non-linear effects become 
important, the following procedure will be adopted, The equation of 
motion will be derived under the assumption of small  disturbances, but 
the squared t e r m s  will. be retained. The relationship of this to the usual 
acoustic and transonic equations will be shown, The linearized equation 
Wi l l  be ueed to calculate the flow and the resul te  of l inearized theory 
used to est imate the significance of the non-linear t e rme ,  In this way 
a t es t  of the self-consistency of l inearized theory can be obtained. 
2 ,  Second-Order Equations of Motion 
Consider a system of coordinates ( is L, , i n  which a i r  ia 
a t  r e s t  a t  infinity. It will be aesumed that any local, normal Mach num- 
b e r s  measured relative to any shock waves that occur,  a r e  not very dif- 
ferent  f r o m  1. Thus entropy changes -h$-/)' a r e  neglected. It fol- 
lows f r o m  Crocco's Vortex Theorem (Ref, 2)  that the flow can be regarded 
as irrotational.  These assumptions mean that the dependent variables can  
be reducedto = velocity, f = pressure ,  P = density, where 
always related by the isentropic law 
where subecript o denotes conditions a t  infinity, and 8 = ratio of spe- 
cific heats.  Furthermore,  a potential 4 exists so that 
Now, assuming small  disturbaxlces, Pet 
Then ( 1 )  becomes, to the second o rde r  (that is, neglecting cubed terms) ,  
The equation f o r  conservation of momentum, in view of ( 2 )  
can be integrated by virtue of ( 2 )  and (4) to give a second-order Ber-  
nouilli law: 
where C z= 2fP. = speed of sound a t  infinity. 'Thus, using equa- //. 
tions (31, (6) the kinematic requirements of continuity give the equa- 
tion. of motion for the velocity potential: 
can be' written: 
Eq. (8) is the fundamental equation of motion, including a l l  squared 
t e r m s  in  4 but neglecting a l l  cubed o r  higher t e r m s .  The f o r m  of (8) is 
chosen fo r  conveniehce; multiplying through by 1 9 (small  quantity) gives 
equivalent fo rms .  As will be shown i n  the next section. t e r m s  like # t t t  
and 6 ed,t . which account for the steepening of wave fronts in this sys tem 
of coordinates; account for the change of type of the equations, o r  the fact  
that s t r e a m  tubes have throat8 a t  sonic speed, when viewed in a steadily 
moving coordinate system. 
3. Relationship to Acoustics and Transonic Theories 
If all squared terms a r e  omitted in (8), ( 6 ) ,  (4), the classical 
equations of acoustice a r e  obtained: 
The speed of all disturbances i s  constant and equal to C . 
Next, consider equation (8) in a system of coordinates moving at 
a constant speed u in the negative $-direction. For eteady flow in the 
'9 new coordinate system, 3 in equation (8) is  replaced by u- so 
that: 
9 a? 2 3  
where 
= x+O--t 
When squared terms a r e  neglected, (1 1) is the usual linearized equation 
of steady subsonic or supersonic flow. But when the non-linear terms con- 
taining & #& i s  retained in ( l l ) ,  on the grounds that the results of 
linearized theory hint that i t  i s  muc,h larger than the others, the usual 
equation of transonic flow is obtained (for /Y-'i , the factor ${&-l)fl&,/ 
can be replaced by a s  in Ref. 3). 
4 Y  
4. Estimation of Non-Linear Effects 
In order to show how to estimate the relative importance of non- 
linear effects, consider the case of steady flow a s  covered by Eq. (1 1 ), 
The reason for the breakdown of linearized theory a t  sonic speed is the 
vanishing of the term ( H Z / )  h3 in the equation. The size of non- 
linear effect8 can be measured by the ratio of the main non-linear term 
in Eq. (11) to this t e rm  which vanishes a t  1, namely: 
Note that J c / corresponds to an estimate of the critical Mach num- 
ber. 
Now, linearized theory itself can be ulred to evaluate /3 in (12). 
For example, in the case of two-dimensional flow past non-lifting air-  
foil of thickness ratio $ , the pressure coefficient 
the usual Prandtl-Glauert rule (Ref. 4). Using the result of (13) in (12) 
shows that the transonic similarity parameter 4 (Ref. 3) should be 
emall compared to 1 for linearized theory to be valid or 
When gets close to 1 the non~linear terms are  becoming important, 
and when ;t 1 they definitely dominate, It is  slightly more compli- 
cated to carry out the estimate for the caee of a body of revolution a s  
the ~ i m p l e  proportionality of (13) no longer holde . However, the result 
can be illustrated by applications of. slender-body theory ( ~ e f .  4) to the 
epecial case of a symmetric parabolic a rc  body of revolution of thickness 
ratio 8 . The result i s  that 
when evaluated at the maximum thicknes. point. The result i e  typical 
f ~ r  smooth bodiee of revolution, but the constants vary a little with 
shape. Eq. 15 ehows how, as  would be expected, a body of revolution 
can fly much closer to sonic speed than i ts  two-dimeneional counterpart 
without experiencing transonic effects. Fig. 1 gives a plot of the reeulte 
of Eq, (15) for several thickness ratios. 
Now the same reasoning can be carpied over to the general unsteady 
case in the transonic range. The transonic effects.can be meaqured by 
the ratio of non-linear to significant linear terma. The significant linear 
terms a r e  &dk -hZ since under translation of axes these terms 
become * (M 2_,)d- , Thus, from Eq. (81, 
zx 
5. Unsteady Slender -Body Theory 
As-before, the values of 2 given by (16) a r e  to be computed on 
the basis of linearized theory, For  a body of revolution at zero angle 
of attack, the potential i s  given by the solutions of 
where 4 = & c t  . A body of revolution moving along i t s  axis (Fig. 
2 )  can be represented by a distribution of sources, which vary in time, 
along the axis of flight. The potential is represented by an integral (ex- 
pressing the superposition of spherical waves emanating from each point 
on the axis) of the retarded values of the source strength 5% f/: 
The source strength is  zero out side the body -so that the integral 
in (18) covers only those values of 4 which a r e  common to the flightpath 
and the surface of the retrograde Mach cone, ("5 8 - ~ J C ~ . - + ~ ~ + ~ Z '  , 
ae shown in Fig. 3, There a r e  integrals for the recent past d, to X2 
and the distant past A3 to etc. 
The source integrals can be approximated near the axis by using 
the fact that when h is small the main contribution comes from the neigh- 
borhood of X = t  . The integral for the recent past can be analyzed for  
small h by splitting i t  into Jxd"'< J'+"~' , LgTu . The 
35 2- . f h J  
expansion for the middle integqal can be obtained by introducing the var- 
iable @_as a'= f + A  rgu- , and then expanding in power s of A . A fur - 
. h ther expansion in powers of &- i s  possible since we assume E 7 A . 
For  the outside integrals, expansions of S and the square root in powers 
of tt can be made, Integration by parts in the outside integrals produces 
a result; the dominant terms of which a r e  independent of 6 , a s  h and 
8 approach zero. The final result i s  the asymptotic expansion of the 
source distribution near the axis: 
where 4/-i/& , %f5f) a re  the values of # in the recent past atwhich 
?= 8 T respectively inter sect the boundaries of the flight path (Fig. C 
3), and YJ , 4 a r e  similar values in the distant past. 
Eq. (1 9) i a  the general slender -body expansion. In most cases on- 
l y  the integrals in the recent past [%, &) need be considered. The phys- 
ical interpretatian of Eq. (19) i s  a s  follows: The dominant term is 3 
the potential of a source in two-dimensional incompreseible flow. This 
means that locally the conservation of mass  can be computed in s crose- 
section plane. The next terms in the expansion a r e  independent of h and 
represent the effect of the sources a t  a distance f rom the local neighbor * 
hood. All the higher terms in the expansion can be obtained by the sub- 
stitution of the f i rs t  terms of (19) in the left-hand side of Eq. (17). 
This procedure results in terms like h2&h , A L  etc. It can be ex- 
pected that the f i rs t  terms of the asymptotic expansion, that i s  Eq, (19), 
are a good approximation near a smooth slender body except in the neigh- 
borhood of the ends. 
Using 'the elender -body approximation of (1 9) the source strength 
S/5 f) i s  easily determined by the requirement that the flow be tangent 
a t  the surface. within linearized theory this boundary condition is  
where 
4 is the equation of the body shape 
fl/$) = velocity of the body in the negative X -direction 
For a body of fixed shape we obtain, f rom (20) and (19) 
where 
zL 
i7= d #/g& , is a coordinate fixed in the body 
d/*l = cross-section area  distribution 
The fundamental result (21), due to Frank1 (Ref, 5), states that the source 
strength for arbitrary motion i s  the same a s  that for incompressible flow 
and is equal to the instantaneous velocity times the rate of change of cross-  
section area  along the body. Once the' source strength is known the ve- 
locities and pree sure can, of cour se, be computed, 
6.  Application to a Body Uniformly Accelerating Through Sonic Speed 
Consider a body which passes through sonic speed at  t = 0 and 
lies between -/ and +/. Let the acceleration be 2d so that the velocity 
i 8 
The limits of integration .f, , 4 a re  then given by 
Furthermore, assume the body i s  pointed (or has zero slope) at the ends, 
d- z/ 
so that ' S[%f--)= c Slda 1f - * ~ X ) =  0 . Then, using (23) 
and (21), the velocity potential can be written out from (19). If now we 
conaider cases in which the acceleration parameter A~/c ' a 4  which i s  
true in all practical examples, a further expansion of Eq. (1 9) can be 
made. The final result i s  
(241 
F rom (lo) ,  the main term in the pressure distribution contains 4 . On 
the surface of the body, a t  the instant of passing through sonic t = 0 , 
(24) gives 
. F r o m  (25) i t  can be seen that, for any body, a s  the acceleration d-+o 
the pressure becomes logarithmioally infinite, indicative of the manner 
in which the linearized theory breaks down. It can also be seen that the 
drag coefficient a t  sonic, calculated from the linearized pressure formu- 
i e  independent of the acceleration d . (Its value i s  not the same a a  that 
of steady super sonic slender -body theory a s  MJ/C .) This result  can 
be interpreted a s  follows. For  slow accelerations, non-linear effects 
a r e  important, and there is a definite drag depending on the accelera- 
tion. As the acceleration increases,  the drag coefficient a t  sonic de- 
c reases ,  For sufficiently large accelerations, linearized theory is 
valid and the drag coefficient approaches its asymptotic value independ- 
en% of the acceleration. 
As an  illustration consider a symmetric parabolic a r c  body of 
thickness ratio cf , whose shape is 
Then the pressure  coefficient a t  sonic can be calculated f rom (26) and 
- (25) to give 
A special case of thie formula is plotted in Fig.  4. The slight unsym- 
metry  of the pressure  distribution resul ts  in  a drag 
Finally the range of validity of linearized theory can be estimated 
by using (24) to evaluate the ratio A , 
It can be seen f rom (30) that for a f i x e d  8, the acceleration parameter 
can always be chosen large enough so that , and linearized 
theory is valid. A plot of Eq. (30) is given in Fig.  5. The numerical 
resul ts  show that for  practical applications, it is possible for a suffi- 
ciently long and slender missile (for example, 50' long, $ = .05, 3g 
acceleration) to accelerate thrbugh sonic without experiencing transonic 
effects, while it is not possible for conventional a i rcraf t  to do so. 
Ae a concluding remark, the author wishes to thank Dr. George 
Solomon for his able aeeistance. 
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